Chapter 13

Capital Budgeting under Uncertainty
1. While the risk-adjusted discount rate method provides a means for adjusting the riskiness of the discount rate, the certainty equivalent method adjusts the estimated value of the uncertain cash flows.
The risk-adjusted discount rate method extends the cash flow valuation model under certainty to the uncertainty case as follows:
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where
V   = value of Capital budgeting project,
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 = median or mean of the expected risky cash flow t distribution Xt,

rt  = the risk adjusted discount rate appropriate to the riskiness of the uncertain cash flows 
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N  = the life of the project.

The certainty equivalent method uses the rationale that given a risky cash flow, the decision maker will evaluate this cash flow according to an expected utility, the utility estimate being hypothesized to be equal to utility derived from some certain cash flow amount. The decision maker performs this process for each cash flow. The valuation model is as follows:
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where
    Ct = certainty equivalent cash flow at period t,

     i = riskless interest rate.

Ct can be expressed as a fraction of the expected value of the cash flow as follows:
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The valuation formula becomes
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.
Since both models evaluate future uncertain cash flows, they should yield the same value for a given cash flow stream. The present value of each period’s cash flows should be the same.
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From the 2 values of r at time t and t + l, the risk-adjusted discount rate rt’s will be a function of (1) the investor’s attitude toward risk measured by rt, (2) the risk-free interest rate, and (3) the time period t.
a.
The risk adjusted discount rate method (RADR) is similar to the NPV. It is defined as the present value of the expected or mean value of future cash flow distributions discounted at a discount rate, k, which includes a risk premium for the riskiness of the cashflows from the project. It is defined by the following equation:
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b.
The certainty equivalent method (CE) adjusts for risk directly through the expected value of the cash flow in each period and then discounts these risk adjusted cash flows by the risk free rate of interest, Rf. The formula for this method is given as follows:
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c.
Simulation is a method in which the specific capital budgeting decision is modelled with all uncertain variables being treated as random variables. A detailed discussion of this method is given on pp.520 thru 524.

d.
A decision tree approach is used to analyze investment opportunities involving a sequence of decisions over time. A detailed discussion of the method is given in pp.515-520.

2. The major difference between the RADR and CE methods is that the RADR method adjusts for risk in the discount rate while the CE method adjusts the cashflows for risk and then discounts at a risk-free rate of interest.
3. Net present value and standard deviation of NPV are estimated in performing capital budgeting using a probabilistic distribution approach. The mean and standard deviation of the NPV distribution are defined as
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where  Ct = uncertain net cash flow in period t,
k = risk adjusted discount rate,

St = salvage value,

I0 = initial outlay,

σ2 = variance of the cash flow,

WT, Wt = discount factors in the Tth and tth periods.

Cov(CTCt) is used to measure the covariability between the cash flow in the Tth and 5th periods. Cov(CTCt) can also be written σTtσTσt, where σTt is the correlation coefficient.

    Furthermore, we can define equations that can be used to analyze investment proposals in which some of the expected cash flows are closely related (significantly correlated) and others are fairly independent. The standard deviation of NPVs for each case are:
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        mutually independent
   If cash flows show less than perfect correlation, this model is inappropriate and the problem must be handled with a series of conditional probability distributions. In Bonini’s model, cash flow amounts are uncertain but probabilities associated with cash flows in a given period are assumed to be known. Later-period expected cash f1ows aye highly dependent on what occurs in earlier time periods. Joint probabilities are found for the various cash flow series. Finally, the NPV for each cash f1ow series is calculated using the conditional probabi1ities. These series of NPVs are then multiplied by each joint probability and assumed. The result is the NPV and associated standard deviation for the project as a whole.

    The decision-tree method of capital budgeting analyzes investment opportunities involving a sequence of decisions over time. Various decision points are defined in relation to subsequent chance events. The NPV for each decision stage is computed on the series of NPV’s and probabilities that branch out or follow the decision point in question. In other words, once the range of possible decisions and chance events are laid out in tree-diagram form, the NPVs associated with each decision are computed by working backwards on the diagram from the expected cash flows defined for each path on the diagram.

    The optimal decision path is chosen by selecting the highest expected NPV for the first-stage decision. Standard deviations for each first-stage NPV should be computed to determine risks associated with each decision. If there is no dominant decision (e.g., if NPV is highest, but so is standard deviation), the decision becomes a function of the risk attitudes of management.

    Both capital budgeting methods described use expected NPVs and risk measures associated with the NPVs.

    In the probability distribution method, risk is defined in terms of the correlation among cash flows in the various time periods throughout the project’s life. With each subsequent time period, later cash flow distributions are influenced by prior CF distributions. This model assumes that the CF distributions are known as are the probabilities associated with each flow, and that once an investment decision is made, the management is locked into that project decision.

    In the decision-tree method, there is a sequence of investment decisions whose probability distributions can take on several values. The manager does not become locked into one decision but rather has a range of possible outcomes as a result of a prior choice from among several alternatives. Cash flows and NPVs are computed for each alternative series of possible decisions. An optimal decision path is chosen by evaluating the NPV and associated standard deviations of that NPV for each of the alternative first-stage decisions.
4. Because the number of random variables associated with capital budgeting under uncertainty may be large, it may be impossible to represent these in a model. To simulate the distribution of NPV or IRR, simulation analysis explicitly uses ranges of values for inputs such as market, investment cost, operating, and fixed cost information. The manager is better able to incorporate detailed information into the decision process through simulation methods.
Procedure steps:

a) Random and deterministic variables are defined.

b) Value ranges for random variables are defined.
c) By mean of a random number generator, random numbers are chosen for each random variable.
d) From these random numbers, a set of values is created for each random variable.
e) For each simulation, a series of cash flows and NPVs is calculated.
f) Mean NPV, variance, and standard deviation are calculated from the NPVs from each simulation.
g) Sensitivity analysis can be performed if ranges or distributions require change.

5. The statistical distribution method requires that the probability distribution of cashflows be specified for each period of the project’s life. Using these probability distributions, the mean and variance of the project’s NPV can be calculated. A detailed discussion of this method and ex​amples are presented on pp.509 thru 515 and in Section 13.5.1.
6. Inflation can introduce bias into the accept/reject decision when the cost of capital rate contains an element recognizing expected future rates of inflation whereas the cash flow estimates don’t include a similar component.
    There is a need to adjust the discount rate for inflation in that the noninflationary required rate of return should be grossed up by the expected rate of inflation.

    Present prices for physical goods can’t be viewed as already accounting for future inflation; hence we need to derive estimates of the impact of future inflation on prices.

    The need to adjust depreciation levels for inflation is critical, because depreciation is based on the historical cost of the asset. The adjustment is to keep the firm’s tax shield in line with current price levels so that inflation doesn’t have an adverse impact on capital investment.

    (See also Nelson’s 5 propositions in question 6 Chapter 9.)

    A variety of adjustments can be made to account for inflationary effects. These include the risk-adjusted discount rate, the certainty equivalent method, adjustments to the inflation adjustment term used in the risk-adjusted discount rate and the certainty equivalent methods, solving for the optimal level of investment given anticipated changes in price levels, and estimating future cash flows by taking inflation into account.
7. The multiperiod capital budgeting decision problem can be solved by the product life-cycle (PLC) approach, the Capital Asset Pricing Model method, or by using the mean-variance framework.

    A product’s life cycle can be broken up into 4 stages: development, growth, stabilization, and decline. Using this framework we can examine cash flows associated with each stage in the life cycle so that even very-long-term projects becomes easier to analyze.

    Beyond forecasting future cash flows, the PLC approach aids financial planning in terms of determining financing needs and the ability of the firm to implement given dividend policies. PLC facilitates cash-flow smoothing so as to reduce the firm’s business risk.

    From PLC, risk is embedded into the estimated cash flows according to what stage the product is in. In the introductory phase, market acceptance or rejection of the product determines what cash flows will follow. During the growth stage cash flows increase, whereas at maturity they level off, and during decline they fall. This sequence can be modeled using a decision-tree format by estimating future cash flows and attaching probabilities to those estimates. NPVs can then be computed along with expected variances. Projects at different life-cycle phases can be combined to smooth the aggregate cash flow stream.

    The CAPM can be extended for multiperiod use with several assumptions concerning homogeneous expectations relating to the investment project’s success and the assumption that there exists a single price of risk. With perfect capital markets for physical capital, the multiperiod project can be thought of as a series of single-period projects where the physical capital employed could be sold at its end-of-period market value. The critical point here is whether the one-period return is considered favorable. If perfect secondary markets don’t exist, expected salvage value must be built into the model. Depending on the degree of market imperfection, projects may be rejected on the basis of this revised secondary market value estimate. To the extent that the capital is resalable at “perfect” market prices, the single-period procedure is viable.

8. Black and Scholes’ Option Pricing Model (OPM) has enabled financial planners to use state-preference models in real-world decision making. The basic model is:

[image: image17.wmf]11

ns

stst

ss

PVVZ

==

=

åå

,
    where   PV = present value of the project,

     Vst = current value of a dollar for state s and time t,

    Zst = present value of cash flow for state s and time t.

The following steps are involved in solving this equation: Expected cash flows and prices of money are formulated for different possible states of the economy (i.e., boom, normal, or recession). The state prices (Vst) are estimated using the OPM. The only changes in the option values formula are that here there is no exercise price and that the payoff is limited to $1. The above equation is solved and the PV obtained is compared with the initial level of investment. If the present value is greater than the investment, the project is accepted. This can be extended to a multiperiod framework.
9. a)
Yes, Project A is less risky than Project B, since the coefficient of variation of Project A is smaller than that of Project B.

b) NPV(A) = ($15,000)(3.791) – $60,000 

= $56,865 – $60,000
= $3,135


NPV(B) = ($25,000)(3.791) – $80,000

= $94,775 – $90,000

= $4,775

If cash flows over time are positively perfectly correlated, then

   σ(A) = (.2)($15,000)(3.791) = $11,373

   σ(B) = (.4)($25,000)(3.791) = $37,910

c)
Information from (b) can be used to do internal inferences; e.g.,

Pr. ( – $3,135 ± 2($11.373)) = 99.45%

Pr. ($4,775 ± 2($37,910)) = 99.45%

d)
Capital budgeting under uncertainty is a generalized case of capital budgeting under certainty; thus basic financial capital budgeting theory and methodology is useful in both cases.
11.
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12.

a.
E(Ri) = 5 + 1.8(7) = 17.6%
b.
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Since the NPV is less than zero, the project should be rejected.
c.
If net income in the third year is certain, the relevant required rate of return is equal to the risk free rate for the third period. Thus,
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Since the NPV is larger than zero, the project would be acceptable. 
13.

a.
Expected cash flow = (.3)(1000) + (.4)(3000) + (.3)(4000)

= 300 + 1200 + 1200 = 2700 
Required rate of return = 5% + 2(10% – 5%) = 15%
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b.
NPV = 347.83 = –I + 
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Thus,

I = –347.83 + 2427.18 = 2079.35

The initial cost for project B is 2079.35 so that project B has the same NPV as project A.

14.

Recall that E(Ri) = Rf + βi[E(Rm) – Rf] 
Thus,

E(Ri) – Rf = βi[E(Rm) – Rf]

E(
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E(Rm) = .1
E(Xi) = (400)[.2/(.2 + .1 + 0)] + (600)[.1/(2 + .1 + 0)] = 466.67

Eq.(1): E(
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 – .05 = β(.1 – .05)
E(Rm) = .15

E(Xi) = (400)[.1/(.1 + .2 + .1)] + (600)[.1/(.1 + .2 + .1] + (800)[.1/(.1 + .2 + .1)] = 600
Eq.(2): 
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 – .05 = β(.15 – .05)
E(Rm) = .20
E(Xi) + 400[0/(0 + .1 + .2 + ] + 600[.1/.3] + 800[.2/.3] = 733.33

Eq.(3): 
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 – .05 = β(.20 – .15)
Solving for β and V in equations (1), (2), and (3) we find that V = $6666.67 which is greater than 6500. Thus, accept the opportunity.
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16.

a.
E(RA) = (.3)(25) + (.4)(15) + (.3)(5) = 15%

E(RB) = (.3)(30) + (.4)(15) + (.3)(0) = 15%

Var(RA) = (.3)(25 – 15)2 + (.4)(15 – 15)2 + (.3)(5 – 15)2 
= 30 + 0 + 30 = 60

Var(RB) = (.3)(30 – 15)2 + (.4)(15 – 15)2 + (.3)(0 – 15)2 
= 6.75 + 0 + 6.75 = 135
Project A has the same expected return as project B, but has a lower variance. Thus, project A is preferred.

b.
E(Rm) = (.3)(20) + (.4)(10) + (.3)(0) = 10%

Var(Rm) = (.3)(20 – 10)2 + (.4)(0) + (.3)( –10)2 = 30 + 0 + 30 = 60

Project A:
C0V(RA, RM) = (.3)(25 – 15)(20 – 10) + (.4)(15 – 15)(10 – 10) 
+ (.3)(5 – 15)(0 – 10)

= 30 + 0 + 30 = 60
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E(RA) = 7 + 1.00(10 – 7) = 10.00%

Project B:
E(Rm) = 10 %

COV(RB, Rm) = (.3)(30 – 15)(20 – 10) + (.4)(15 – 15)(10 – 10) 

+ (.3)(0 – 15)(0 – 10) = 90
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Thus,

E(RB) = 7 + 1.5(10 – 7) = 11.5%

17.


a.
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b.
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c.
It implies a good opportunity for investors to invest in this company. 
18.

a.
Expected Value of Annual Cash Flows:

Project L
Yr.1 
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Yr.2 
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Project K
Yr. 1 
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 = (.5)(400) + (.5)(600) = 500

Yr. 2 
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b.
1)
 RADR
RL = 6 + 0.9(12 – 6) = 11.4%
Rk = 6 + 1.2(12 – 6) = 13.2%
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NOTE: There is no initial investment in this project. Since NPVk > NPVL project K is preferred.

2)
CE

Project L:
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Project K:

[image: image48.wmf]2

12

2

1.06(1.06)

0.9364     .8768

1.132(1.132)

aa

+

====

++


3)
CE CAPM

There is a problem with applying the CE CAPM formulation for this problem in that the CE-CAPM is a one-period model and/or assumes an annuity. Students might try to apply the formulation on page 222 of the text (in the discussion under equation 8-4) which relies on the initial investment to arrive at an estimate of the COV(X1, Rm). It is restated below:
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Since I0 = 0, then V0 is just the PV of
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discounted at the Rf rate.
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It should be pointed out to the students that an approximation of the CE CAPM formu​lation for more than one period is given as follows:
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If a COV(X1, Rm) = COV(X2, RM) = 50 for both projects is assumed, then the projects’ NPV’s would be as follows:
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Then,
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19.

a.
CE coefficients
Project L: 
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Project K: 
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b.    CE Method
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20.

The certainly equivalent and the RADR methods give the same present value whenever:

[image: image63.wmf](1)

(1)

t

f

t

t

R

k

a

+

=

+


where k represents the risk adjusted discount rate.

21.

a.
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b.
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c.
Since the projects have the same expected NPV, the one with the lower amount of risk should be accepted.

22.
 
a.
Project:
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b.
Portfolio
1)
A and existing (E):

E(NPV)pE+A = E(NPV)E + E(NPV)A 
= 10,000 + 699.8 = $10,699.80
σpE+A = [(5,000)2 + (2,156.27)2 + 2(5,000)(2,156.27)(0)]1/2 
= $5,445.13

2)
B and existing

E(NPV)PE+B = E(NPV)E + E(NPV)B 
= 10,000 + 699.8 
= $10,699.8
σPE+B = [(5,000)2 + (1,884.08)2 + 2(5,000)(1,884.08)(0.3)]1/2 
= 5,848.25
c.
Project A is preferred since E(NPV)PE+A equals E(NPV)PE+B but σPE+A is less than σPE+B.
23.

Without Phase II:
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With Phase II:
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Since the expected NPV with Phase I is larger than that without it the implementation of two stages is more profitable.
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