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Abstract: Banks compute total risk to determine the total capital required to meet losses arising from different risk types. Banks often measure different risks separately and then add the risk to determine economic capital. But this approach misses complex interactions between the risk types. Up to now no state-of-the-art integrating approach that is able to fulfill this task has emerged. Two sophisticated methods of risk integration are copula approach and variance/covariance approach. To understand the impact on the total risk of different approaches, copula and variance/covariance approaches are applied to integrate market, credit and operational risk. The overall risk variation and the diversification benefit from different methods are explored and compared. This comparison supports the notion that different approaches drastically affect the overall risk and the diversification benefit level. The copula approach has a natural way to describe the dependence, but this is not absolutely right as the normal copula can’t describe tail dependence.

Key words: Risk correlation; Risk integration; Copula; Variance/Covariance Approach

1. Introduction

Banks are exposed to different types of risks, such as market, credit, operational and business risks and they measure and manage different types of risks separately, to manage their overall risk. But in order to support top management decisions concerning capital management and capital allocation, an integrated picture of risks is necessary. Therefore, risk integration, incorporating multiple types or sources of risks across different business units, is particularly important (BIS, 2003). Risk integration begins with a classification of risk types that are combined to produce the overall economic capital measure. The integration process is characterized by identification of the individual risk types and by the methodological choices made in aggregating these risk types.
The crisis that started in 2007 has revealed vital problems in risk assessment and management. One important dimension of the problem is how different financial risk interacts, for example market, credit and liquidity risks. Meanwhile, economic theories show that different risks are intrinsically related to each other and are inseparable (Jarrow R. A. and Turnbull S. M., 2000). For example, if the market value of firm’s assets unexpectedly changes – generating market risk – this affects the probability of default – generating credit risk. Conversely, if the probability of default unexpectedly changes - generating credit risk – this affects the market value of firm – generating market risk. Market risk and credit risk not being independent affects determination of economic capital required (Jarrow R. A. and Turnbull S. M., 2000). Although techniques for measuring specific risks are mature and precise, up to now no state-of-the-art approach to integrate different risks has emerged. Now banks and academics are making increasing efforts to aggregate risks across different risk types and also across different units to obtain an overall risk picture.

The briefest approach to risk integration is the simple summation, which involves adding individual risk components. This approach is generally perceived as a conservative approach since it ignores potential diversification benefits and imposes an upper bound on the true economic capital figure. Technically, it is equivalent to assume that all inter-risk correlations are equal to one. So it has the immediate effect of inflating aggregate total risk estimates. Another approach is applying a fixed diversification benefit. This approach is essentially the same as the simple summation approach with the only difference that it assumes the sum delivers a fixed level of diversification benefits, set at some pre-specified level of the overall risk. However, determining diversification benefit is an issue.

For banks, the most widely used method of risk integration is the variance-covariance approach, based on a risk variance-covariance matrix, which allows for a richer pattern of interactions across different risk types. This approach to integration is pervasive in banking industry, it was favored by over 75% of IFRI Foundation and CRO forum (2007) surveyed banks in 2007. The overall diversification benefit depends on correlations between pairs of different risks. However, these interactions are still assumed to be linear due to the inability to capture the dependency structure between risk types (Embrechts P., McNeil A. J., 1999; Rachev, S.T. et.al, 2005). This method generally underestimates correlation coefficients in extreme cases and consequently overestimates the diversification benefit when calculating the economic capital. And it assumes that distributions of different risks are normal, which is far from the fact, especially for credit and operational loss. 

The banking industry is concerned about risk management and there are shortcomings in the methods mentioned above, which leads scholars to try different methods to integrate different risk types. Alexander and Pezier (2003) proposed a multifactor approach to aggregate market and credit risk. Risk factors are modeled by normal mixture distribution, and a normal copula, which is a general concept for modeling dependencies between random variables, is used to link them together. Ward and Lee (2002) used a normal copula to aggregate diverse sets of risks; e.g., credit risk is assumed to follow beta distribution while mortality risk (for life insurance) is determined by simulation. Dimakos and Aas (2004) decomposed the joint risk distribution into a set of conditional probabilities, and imposed conditional independence, which means they considered dependence between pairs only. They concluded that the total risk is the sum of conditional marginal risk and unconditional credit risks, which serves as their anchor. Dimakos, Aas and Oksendal (2005) extended the types of risks and used a set of common factors for market, credit and insurance risks and then integrated operational risk and business risk through copulas (using, in the second step, dependence parameters based on expert judgment).

Schlottmann et al. (2005) proposed a completely different risk aggregation method based on multi-objective programming. Mitschele et al. (2008) adopted intelligent systems to aggregate different risks. Rosenberg & Schuermann (2005) set forth a model that aggregates market, credit and operational risks through the use of copula functions. In their empirical analysis they found that simply adding up different risks overestimates total risk by more than 40% and that the total risk is more sensitive to differences in business mix or risk weight than to differences in inter-risk correlations. Besides the copula based method, they also tested an easy-to-implement hybrid approximation that yielded surprisingly good results.

Grundke P. (2010) designed a method to validate accuracy of the copula approach in risk integration. He assumed that the factor model corresponded to the real-world data-generating process, and used a comprehensive simulation study to validate the copula approach accuracy.   Perignon C. and Smith D. R. (2010) used DCC-GARCH, BEKK model and time-varying copula model to integrate risks and found that US banks showed no sign of systematic underestimation of the diversification effect.
And another important risk integration approach is based on scenario analysis and bank’s balance sheet (see Alessandri P. and Drehmann M., 2010; Breuer, T., et. al, 2010; Drehmann, M., et. al, 2010.). This approach fully model common risk drivers across all portfolios, which represents the theoretically pure approach. Common underlying drivers of risk are identified and their interactions modeled. Scenario analysis provides the basis for calculating the distribution of outcomes and economic capital risk measure. Applied literally, this method would produce an overall risk measure in a single step since it would account for all risk interdependencies and effects for the entire bank. A less comprehensive approach would use estimated sensitivities of risk types to a large set of underlying fundamental risk factors and construct the joint distribution of outcomes by tracking the effect of simulating these factors across all portfolios and business units.

From the literature review above, we can infer that use of copulas to integrate risks has been popular among researchers. However, as far as we know, little is known about the impact different approaches have on the total risk. The objective of this research is to analyze the differences between copula and variance/covariance approach by studying their respective impacts on estimation of the total risk.

In this study, copula and variance/covariance approaches are used to aggregate credit, market and operational risks of banks. In fact, copula provides a way of describing risk loss dependence structure without considering distributions of individual risks. Rosenberg & Schuermann (2005) and Morone M. (2007) opined that the t-copula was best suited to aggregate different risk types usually faced by banks. We use normal copula and t-copula, which are mostly used for describing dependence structure of multivariate risk loss. As for risk distribution, which is not the focus in this paper, we assume different risks have different distributions.

Our empirical analysis was performed using data of Austrian commercial banks. The total risk and diversification benefit of multiple risks estimated by different approaches are explored. We also study the overall risk variation under different methods and copula assumptions. We find that VaRs using the copula approach and variance/covariance approach are less than VaRs using simple summation under the same confidence intervals, and different approaches drastically affect estimations of the overall risk and the diversification benefit. The difference between diversification coefficients when using variance-covariance is smaller than the difference between diversification coefficients when using copula approach. Furthermore, the copula approach has a natural way of describing the dependence, but this is not absolutely right; normal copula cannot describe tail dependence.
This paper is structured as follows. Section 2 provides the methodology, Section 3 describes tests of risk measurement approaches on real data, and Section 4 presents some conclusions.

2. Methodology

In this research, total risk is defined by the models for the separate risk components and the relationship between these. Risk is in our setting defined as losses, and the total loss is given by the sum of the marginal losses. In this paper, we use a one-year time horizon, which is the convention for assessing credit and operational risks in banks. Hence, our final aim is to obtain total risk for yearly total losses.
In line with current research and regulatory practice, we follow standard conversation and use value at risk (VaR) to quantify credit, market, operational and total risk. More precisely, the VaR of loss distribution at a confidence level 
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For risk management purposes the confidence level is generally high with 
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. In what follows, we give an overview of the full procedure for determining the total risk in variance/covariance and copula risk aggregation approaches.
2.1 The variance/covariance approach

Considering the interactions across risk types and managing different types of risks separately, the variance/covariance approach is intuitive method to integrate risks. The variance/covariance approach allows for a richer pattern of interactions across risk types. In the variance/covariance approach individual risks at sub-portfolio level are calculated to value at risk VaR1, …,VaRn. These are then combined to calculate the overall risk by using a correlation matrix.
Let r denote the vector of asset returns and let its covariance matrix be H = DRD, where D is a diagonal matrix with standard deviation of asset i as element i on the principal diagonal: D = diag(σi), R is the correlation matrix, and i = 1, … , N. A portfolio with weight ωi in asset i has rate of return rp = ω’r and variance 
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, where x = ωW are the positions. VaR of investment in asset i, or individual VaR, is given by:
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and, the total VaR of the portfolio is:
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The scaling coefficient κ depends on the particular distribution and the coverage probability. For instance, when computing a 99% VaR using a normal distribution, κ = 2.33. Eq. (2) is most easily derived under the assumption of multivariate normality but applies equally to the family of elliptical distributions, which is a much broader class of distributions. 

We rewrite Eq. (2) as a function of individual VaRs:
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where V is a column vector containing individual VaRs. Eq. (3) provides a very simple approach to compute the diversification effect among a set of assets whose joint distribution belongs to the elliptical family and requires only the correlation matrix. Eq. (3) also allows the total VaR to be given by the sum of individual VaRs when perfect correlation between assets exists. In all other cases, total VaR is affected by diversification effects.

2.2 The copula approach

Copula approach is a much more flexible approach to combining individual risks than the use of a covariance matrix. The copula is a function that combines marginal probability distributions into a joint probability distribution. The choice of the functional form for the copula has a material effect on the shape of the joint distribution and can allow for rich interactions between risks.

Copulas offer even greater flexibility in the aggregation of risks and promise a better approximation of the true risk distribution. This comes at the expense of more demanding input requirements: complete distributions of the individual risk components rather than simple summary statistics (such as VaR) and at least as much data as the variance/covariance approach for estimating the copula parameters. As for the variance/covariance method, these estimates are hard to derive and to validate.

If X1, X2 and X3 denote credit, market and operational loss rate, respectively, which equals to loss divided by total assets，X1, X2 and X3 have the marginal cumulative distribution F1 , F2 and F3, respectively. If a bank has total assets e, then the total loss of all risk is:

 Z = eX1 + eX2 + eX3.                             (4)
The loss rate random vector XT = (X1, X2, X3 ) has a dependency characterized by its joint distribution using copula function. It is known that the joint distribution of X can be derived by using a copula function linking these marginal cumulative distributions together as: 

F( X1 , X2 , X3 ) = C( F1 ( X1 ) , F2 ( X2 ) , F3 ( X3 ) ).                   (5)
Joint distribution of risk loss rates is decomposed into marginal distribution and dependency structure by the copula function. Therefore, copula functions can be much more flexible in describing dependency structure of different variables; risk integration requires merging of distributions that may be significantly different.

As shown in Figure 1, there are four steps involved in risk integration when the copula approach is used:

Step 1. Parameters determination: Determine the loss rate distribution of credit, market and operational risk, parameters of each distribution and correlation coefficients of risk losses.

Step 2. Monte Carlo simulation: Choose the appropriate copula function to simulate risk loss rates.

Step 3. The total loss rate distribution calculation: Calculate the total loss rate distribution according to simulation results.

Step 4. VaR of total risk calculation: Calculate the total VaR according to the total loss rate distribution and the total asset.
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Figure 1. Risk integration procedures using the copula approach.

2.2.1 Marginal risk distributions: market, credit and operational

This section discusses the problem of modeling marginal risk distributions for banks. As noted earlier, we focus on three risk types, namely, market, credit and operational. Since loss ratio distribution is not the focus of this study, we assume all risk loss rates follow predetermined distributions, based on existing research results. Credit risk is assumed to follow a beta distribution, market risk is assumed to follow a normal distribution, and operational risk is assumed to follow a lognormal distribution.

(1) Credit risk marginal distribution

Credit risk refers to portfolio value changes due to shifts in the likelihood that an obligor (or counterparty) may fail to deliver cash flows (principal and interest) as previously contracted. The distinction between market and credit risk while fairly clear in the abstract is less so in practice since individual exposures typically contain elements of both risks. For example, prices of corporate bonds can vary because of changes in the perceived likelihood of issuer default but also because shifts in the risk-free yield curve. In addition, credit and market risk factors can interact in ways that complicate the distinction between the two.

The expected loss for each commitment is calculated as the product of the expected default probability, loss given default and exposure at default. The commitments are then added to obtain the expected loss μ for the portfolio. The risk level in the portfolio depends on how the losses occur, relative to each other. The credit model specifies how each loan contributes to the overall risk through an assumed correlation between an individual commitment and total credit losses. In this study, the credit part of total risk is taken as input μ and σ.

For simulating our model we need the whole distribution instead of only mean and standard deviation. We work with credit loss rate r, which is the total credit loss C of the institution divided by the total exposure, but in this paper, we choose the total assets e. Following the same reasoning as Dimakos X. K. and Aas K. (2006), a beta distribution is used to model the portfolio of correlated loans.

More specifically, the probability density of r is:
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Where the Gamma function is defined as:
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The beta distribution is fully determined by parameters 
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(2) Market risk marginal distribution

Market risk refers to portfolio value changes due to changes in rates and prices that are perceived as exogenous from the viewpoint of the bank. These comprise exposures to asset classes such as equities, commodities, foreign exchange and fixed-income, as well as to changes in discount factors such as the risk-free yield curve and risk premiums. A specific type of market risk is interest rate risk in the banking book, which stems from repricing risk (arising from differences in the maturity and repricing terms of customer loans and liabilities), yield curve risk (stemming from asymmetric movements in rates along the yield curve), and basis risk (arising from imperfect correlation in the adjustment of the rates earned and paid on different financial instruments with otherwise similar repricing characteristics). Interest rate risk in the banking book also arises from the embedded option features of many financial instruments on banks’ balance sheets.

It is typically measured by VaR on a short time horizon (such as 10 days), assuming market liquidity is always sufficient to allow positions to be closed at minimal losses. The hypothesis of distribution of return of financial assets is the premise of risk analysis of modern financial markets. It is usually assumed that financial market returns follow a normal distribution. In this paper, we assume that the market loss rate 
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(3)  Operational risk marginal distribution

Operational risk is defined by BCBS (2006) as “the risk arising from inadequate or failed internal processes, people and systems or from external events.” This definition, based on the underlying causes of operational risk, includes legal risk but excludes business and reputational risk. Basel II norms suggest three methods of calculating operational risk capital charges: (i) the basic indicators approach (BIA); (ii) the standardized approach (STA); and (iii) the advanced measurement approach (AMA).

Some operational risk losses occur frequently, but are of moderate size, whereas others are rare and very large and heavy-tailed. Unlike modeling of market and credit risk, measurement of operational risk faces the challenge of limited data availability. This suggests heavy-tailed models, and sophisticated approaches like extreme value theory (EVT) have been proposed in Cruz et al. (1998), P. Embrechts et.al (2003), de Fontnouvelle et al. (2006), Gao L. et. al(2006), Li J. et.al(2009).
To be able to incorporate operational risk into the same framework as other risk types, a distribution of operational risk losses is needed. One of the approaches suggested by BCBS is to simulate the number of operational loss events for a financial institution over a one year horizon, with Poisson distribution, and assume the severity of these events to have a lognormal distribution (BIS,(2001); Hull, (2007), Feng J. et.al (2010)), and compute the total possible operational losses as the sum of effects of individual events. Based on simulation studies and approximation, it is appropriate to approximate the resulting total operational loss distribution by another lognormal distribution, i.e.
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Parameters 
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 are estimated using information and expert opinions. The 99.9% quantile of the lognormal distribution must correspond to the economic capital estimated by the BIA. In addition, experts have a relatively clear opinion on the size of the most frequent aggregate yearly operational losses, i.e. the mode of the loss distribution. Parameters of the lognormal distribution are, therefore, determined by 
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The current choice of the lognormal distribution and the method for estimating its parameters must be considered as preliminary. As soon as the database on internal losses is considered to be sufficiently large, we will replace the lognormal distribution with the one that best fits the data. It should be noticed that the rest of the model will not be influenced by such a replacement.

2.2.2 Correlation between credit, market and operational risk

The coefficient of correlation between credit, market and operational risk is the precondition of using the copula to simulate the risk loss. Pearson correlation coefficient, Spearman rank correlation coefficient and tail correlation are the most commonly used coefficients. Because we generally lack data needed to support the choice, we have to refer to other academic research results concerning inter-risk correlations.
In this paper, we refer to results of statistics of Chief Risk Officer Forum (CRO Forum) and The Institute of the Chief Risk Officers (CROs) (2007). A survey by CRO Forum and CROs reports the inter-risk correlation parameters used by the participating financial institutions show significant variation. Among the banks, the ranges of correlation values used between credit, markets, operational and business risk are reported in Table 1, with average value in parentheses. The survey also gives the results for insurance companies. Comparing the results in banks and insurance companies indicates that the ranges of correlations are generally wider for banks than for insurance companies.
Table 1. Ranges of correlation parameters values between risk types used by banks for integration risks, with average correlation used in parentheses.
	
	Market 
	Operational 
	Business 

	Credit 
	10-100% (66%)
	10-100% (30%)
	40-100% (67%)

	Market 
	
	10-100% (30%)
	0-100% (58%)

	Operational 
	
	
	0-100% (60%)

	Business 
	
	
	


2.2.3 Choosing an appropriate copula function

There are many different possible copula functions and it is difficult to identify the optimal one. In fact, identifying the copula function that can best model the dependence structure of two or more risk returns is a relatively simple issue that can be solved by analyzing years of daily data. The problem is aggregation of different risk types and it is virtually impossible to have time series of returns/earnings for an adequately long period to conduct a similar analysis. Consequently, the choice of a particular copula function might become partially subjective. 

In this research, we use normal copula and t-copula (both elliptical copula), as the risk loss dependence structure. An alternative to elliptical copula is the Archimedean copula. However, they have serious limitations and can model only positive (or only partial negative) dependence while their multivariate extension involves strict restrictions on bivariate dependence parameters. This is why they are not used in this paper.

We introduce two types of copula functions, normal copula and t-copula. Although both are elliptical copulas, t-copula has a natural way to describe tail dependence.
Let Φ denote the standard univariate normal distribution function and let Φn R denote the standard multivariate normal distribution function with linear correlation matrix R. Then the Gaussian or normal n-copula is:

C(u1,…,un) = Φn R(Φ−1(u1),…, Φ−1(un)).                   (12)

If X=(X1, X2, … Xn) follows the standard multivariate normal distribution with linear correlation matrix R, random vector Y follows Chi Square distribution with ν degrees of freedom, and the t-copula function is:
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Where 
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The close-form of the multivariate distribution of risk loss rate Xi can’t be derived; an approximate solution is Monte Carlo simulation. A general method of Monte Carlo simulation is conditional sampling to get relevant variables. For a detailed review of copula simulation, please see Cherubini et al. (2004).

2.2.4 Total loss rate distribution Calculation

Assume simulation results of credit, market and operational risk loss rates are（x1、x2、x3）1，（x1, x2, x3）2,…,(x1, x2, x3 )n , respectively, and the total assets are denoted by e. Then according to the total risk loss rate zi = (x1 + x2 + x3) i, we can get the total risk loss rates z1, z2, ..., zn.

With simulation times increasing, the total risk loss rate z1, z2,…, zn converges to distribution of the total risk loss rate Z. When the simulation number reaches a certain threshold, the empirical distribution closes to the actual distribution; so we can get the total risk value from the empirical distribution.

2.2.5 VaR of total risk Calculation

Value at risk (VaR) is a risk metrics that offers easy-understanding and intuitively gives the size of the risk. It is widely used for measuring credit, market and operational risk by banks. In this paper, VaR is used to measure risk. If the total risk loss z= {z1, z2…, zn} sequence has empirical distribution F, then 
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2.3 Diversification Coefficient

Diversification benefit is defined as the savings between VaR and the aggregate loss of VaR for each risk. In order to understand impact on the total risk of different approaches, the diversification coefficient is defined in the form of percentage of the sum. Combining individual VaRs and the total VaR, the bank diversification coefficient is defined as:
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3. Empirical Analysis

3.1 Data description 

We adopt data in Elsinger H.et al. (2006) where the authors proposed a new approach to assess systemic financial stability of Austrian banks using standard tools of modern risk management in combination with a network model of interbank loans. But the authors didn’t consider the dependence of credit, market and operational risk. In this paper, we improve their work to assess Austrian banks’ total risk considering the risk dependence. Details of data are shown in Tables 2, 2 and 4. 

Concerning the correlation coefficients between credit, market and operational risk, we refer to average results of statistics of Chief Risk Officer Forum (CRO Forum) and the Institute of the Chief Risk Officers (CROs) (2006). Table 5 shows the details.

Table 2. Aggregate losses and gains of the entire banking system due to changes in market risk factors over a ten day horizon

	Market risk 
	Mean 
	Std.-Dev.
	Total assets

	Mill. Euro
	36
	2805
	575 ,000

	% of Total Assets
	0.01%
	0.49%
	


Table 3. Aggregate losses due to credit risk

	Credit risk 
	Mean 
	Std.-Dev.
	Total assets

	Mill. Euro
	971
	800
	575 ,000

	% of Total Assets
	0.17%
	0.14%
	


Table 4. Aggregate losses due to operational risk

	Operational  risk 
	Quantiles (99.5%)
	Total assets

	Mill. Euro
	971
	575 ,000

	% of Total Assets
	0.17%
	


Table 5. Risk correlation between credit, market and operational risk

	
	Credit risk 
	Market risk
	Operational risk

	Credit risk
	1
	0.66
	0.3

	Market risk
	
	1
	0.3


3.2 Estimation of Parameters of risk distributions

Each chosen distribution is fully specified by two parameters and there are various statistical techniques that can be used for the estimation. We adopt the method of moments for the purpose of this paper. The estimated parameters of different risk distributions (Table 6) can be obtained by using the data in Section 3.1 and the approach mentioned above.

Table 6. Results of estimated parameters

	Credit risk
	Market risk
	Operational risk

	µ
	0.17%
	µ
	0.01%
	m
	0.017%

	σ
	0.14%
	σ
	0. 49%
	C
	0.17%

	α
	1.47
	mean
	0.01%
	meanlog
	-8.20

	β
	863.24
	sd
	0. 49%
	sdlog
	0.70


We map the loss density according to the distribution and parameters in Table 6 (Figure 2). Clearly, distribution of each risk varies considerably. Distribution of market risk is symmetric and normal. Credit and operational risks have more skewed distributions.
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Figure 2. Marginal distributions of the credit, market, and operational risk

3.3 Empirical results 

3.3.1 Results of the variance-covariance approach

In this section, results of the variance-covariance approach are described. Total VaRs under different confidence intervals can be derived by using Eq. (3) and the simple summation, as shown in Table 7. The table shows that VaRs using the variance-covariance approach are less than those using simple summation under the same confidence interval, because of the risk correlation coefficients.

Table 7. Total VaR estimated by using the variance-covariance approach and simple summation
	
	90%
	95%
	99%
	99.5%
	99.8%
	99.97%

	Variance-covariance approach
	5387.86
	6845.57
	9784.73
	10933.94
	12384.82
	15224.97

	Simple summation
	6101.77
	7752.80
	11141.57
	12489.87
	14211.86
	17649.73


3.3.2 Results of the copula approach

Using the procedure outlined in the previous section, for each of the five chosen copula models, we generate 100000 observations of loss ratios for each risk. These represent loss distribution for each risk under different copula assumptions.

3.3.2.1 Simulated loss rates
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Figure 3. 3-dimensional scatter plot of loss ratios of risk types for both copula models

First, let us examine the resulting loss rates for each copula model for the case where we assume the correlation matrix as described in Section 3.1. Individual risk losses do not lead to any meaningful results in terms of the total risk, on their own. However, as this paper concentrates on the dependence structure of losses related to different types of risks, as a visual guide, we present Figure 3, which provides a 3-dimensional scatter plot of loss rates of risk types for each of the copula model considered. The scatter plot provides a much better idea of reasonableness of simulated losses arising from various dependence structures. Overall, simulated loss rates under all copulas prove our expectations in terms of dependence structure, particularly the level of tail dependence. Under t-1 copula function, the possibility of different risks simultaneously causing extreme loss is the highest while under the normal copula function this possibility is the least. Comparing normal copula with t-copula figure, we find that t-copula has a natural way to describe the tail dependence.

3.3.2.2 Aggregate loss

We can get the total risk loss rate z1,z2…,zn by using the simulation results and equation zi= (x1+ x2+x3) i. This aggregation enables us to examine loss rates of Austrian banks which face credit, market and operational risk. In order to evaluate the differences of total loss rates, descriptive statistics of total loss rates are as shown in Table 8.

Table 8. Summary statistics of aggregate loss rate distribution
	Copula
	Normal copula
	t-1 copula
	t-5 copula
	t-10 copula

	Min.
	-0.0236
	-0.0220
	-0.0226
	-0.0207

	Median
	0.00195
	0.00187
	0.00193
	0.00194

	Mean
	0.00218
	0.00219
	0.00218
	0.00218

	Max.
	0.0370
	0.0377
	0.0384
	0.0383

	s.d.
	0.00596
	0.00589
	0.00595
	0.00597

	Skewness
	0.232
	0.391
	0.274
	0.266

	Kurtosis
	3.21
	3.64
	3.36
	3.33


From Table 8, we make the following key observations: measures of central tendency indicate a high degree of coherence between aggregate losses under different copulas; as a measure of dispersion, s.d. values are different, but not dramatically different; all skewness are larger than 0, indicating all loss distributions are right-skewed distributions; all kurtosis are bigger than 3, indicating all loss distributions have heavy right tails; and skewness and kurtosis are the largest under t-1 copula.

3.3.2.3 VaR by copulas 

We have previously observed that despite coherence around the central portion of losses, different copulas lead to drastically different rate distributions. These differences indicate different tail behaviors, which ultimately leads to different VaRs. We now translate these differences in terms of VaR. We discuss total risk in the following subsection, and also examine the resulting impact of assuming different copula forms.  

Tables 9 and 10 describe VaR and VaR percent of total assets of Austrian banks under different confidence intervals and different risk dependencies. For example, under 99.97% confidence intervals and normal copula, VaR is 14703.95 million Euro, and VaR as ratio of total assets is 2.56%; under 99% confidence interval and t-1 copula, VaR is 10375.01 million Euro, and VaR as percent of total assets is 1.80%.

Overall, VaRs estimated by using copula are less than VaRs derived from simple summation under the same confidence intervals. If Austrian banks want high confidence intervals, the VaR is large. At the same confidence interval, the heavier the tail dependence of the copula is, the higher is the VaR. This can be explained by the fact that under heavy tail dependence, extreme losses occur simultaneously and more frequently, leading to more extreme aggregate losses in general.

 Table 9. Total VaR on the aggregate loss rate

	confidence interval
	Normal copula
	t-1 copula
	t-5 copula
	t-10 copula
	Perfect dependence

	90%
	5700.12
	5575.85
	5628.60
	5679.37
	6101.77

	95%
	7083.29
	7074.02
	7088.14
	7080.55
	7752.80

	99%
	9870.69
	10375.01
	10035.17
	10041.44
	11141.57

	99.5%
	11032.24
	11654.65
	11167.96
	11186.71
	12489.87

	99.8%
	12350.17
	13350.96
	12786.55
	12693.30
	14211.86

	99.97%
	14703.95
	16982.45
	15694.45
	15788.96
	17649.73


Table 10. Percent VaR in total assets under different dependence structures  

	Confidence interval
	Normal copula
	t-1 copula
	t-5 copula
	t-10 copula
	Perfect dependence

	90%
	0.99%
	0. 97%
	0.98%
	0.99%
	1.06%

	95%
	1.23%
	1.23%
	1.23%
	1.23%
	1.35%

	99%
	1.72%
	1.80%
	1.75%
	1.75%
	1.94%

	99.5%
	1.92%
	2.03%
	1.94%
	1.95%
	2.17%

	99.8%
	2.15%
	2.32%
	2.22%
	2.21%
	2.47%

	99.97%
	2.56%
	2.95%
	2.73%
	2.75%
	3.07%


3.4 Diversification coefficient

One of our concerns is to assess the diversification benefit derived from multiple risk types. This benefit is defined as the savings between VaR on the aggregate loss of VaR for each risk. The diversification coefficient derived from Eq. (15) is presented in Fig. 4.

We can observe from Figure 4 that diversifications are positive in case of the variance-covariance approach as well as the copula (all copulas) approach. It can also be seen that different approaches drastically affect the diversification benefit level (ranging from 3.78% to 16.69%). 

There appears to be a positive relationship between VaR (confidence interval) and the diversification benefit, as high diversification benefit tends to be associated with a high VaR (confidence interval). At the same confidence interval, the heavier the tail dependence of the copula is, the lower is the diversification benefit. The difference of diversification coefficient using variance-covariance is smaller than the difference of diversification coefficient using copula approach. And diversification benefits descend rapidly under high confidence intervals, e.g., the confidence interval of 99.97%.

Overall, diversification coefficient of copula approach is smaller than diversification coefficient of variance-covariance approach. This indicates that copula approach has a natural way to describe the dependence. But this is not absolutely right since diversification coefficient of normal copula is larger than the diversification coefficient of variance-covariance approach under 99.8% and 99.97% confidence intervals. This indicates that the normal copula cannot describe the tail dependence. Normal copula can describe tail dependence badly, or even worse than the variance-covariance approach. T-copulas can describe tail dependence well, which is determined by the degrees of freedom parameter. 
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Figure 4. Diversification coefficient
4. Conclusions 

This paper reviews the state-of-the-art of risk integration methodologies. To illustrate the main analytical approaches in the literature and understand the impact on the total risk of different approaches, the copula approach and variance/covariance approach are applied to integrate market, credit and operational risk using data of Austrian banks. VaR is used to measure total risk. Empirical analysis shows that VaRs using copula approach and variance/covariance approach are less than VaRs using simple summation under the same confidence intervals, and different approaches drastically affect the overall risk and the diversification benefit level. The difference of diversification coefficient using variance/covariance is smaller than the difference of diversification coefficient using copula approach. Furthermore, the copula approach has a natural way to describe the dependence, but this is not absolutely right as normal copula cannot describe tail dependence. It would be interesting to extend the copula and the variance/covariance approach to measure the total risk. 
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